Abstract. For d ≥ 3 we give an example of a constant coefficient surjective
Introduction
For an open subset X ⊂ R d and P ∈ C[X 1 , . . . , X d ] a non-zero polynomial consider the corresponding differential operator P (D) on D ′ (X), where as usual 
, where Λ r (α) is a power series space, like e.g. spaces of smooth functions on a compact manifold, or spaces of holomorphic functions on a nice domain.
Vogt showed in [7, Proposition 3.4] that the kernel of an elliptic differential operator P (D) always has the property (Ω). Since for elliptic P the kernels of
coincide as locally convex spaces it is a Fréchet-Schwartz space. Hence it has (Ω) if and only if it has (P Ω). So for elliptic operators the problem of Bonet and Domański always has a positive solution. By the well-known characterization of surjectivity of constant coefficient differential operators due to Hörmander, the above problem is equivalent to the question whether X × R is P + -convex for supports and singular supports in case of X being P -convex for supports and singular supports. In [2, Proposition 1] it is shown that P -convexity for supports of X is passed on to P + -convexity for supports of X × R. Moreover, it is shown in [2, Example 9] that an analogous implication for P -convexity for singular supports is not true in general but in this example the set X is not P -convex for supports.
In [6] it is shown that in case of d = 2 the problem has always a positive solution and this is also the case in arbitrary dimension if P is homogeneous, semi-elliptic, or of principal type and X has a special form.
The purpose of the present paper is to show that in general the problem posed by Bonet and Domański has to be answered in the negative. More precisely, for any d > 2 we present a operator P (D), even hypoelliptic, and an open subset
is not surjective on X × R. The polynomial P is inspired by [3, Example 6.4].
Notation and auxiliary results
We begin by introducing some terminology. Recall that a cone C is called proper if it does not contain any affine subspace of dimension one. Moreover, recall that for an open convex cone Γ ⊂ R d its dual cone is defined as
We will use the following function introduced by Hörmander in connection with continuation of differentiability (cf. [4, Section 11.3, vol 
. This quantity is closely related with the localizations at infinity of the polynomial P which in turn are connected with bounds for the wave front set and the singular support of regular fundamental solutions of P . In order to simplify notation we will write σ P (y) instead of σ P (span{y}). Recall that the localizations of P at infinity are the non-zero multiples of limits of normalized polynomials x → P (x + ξ)/P (ξ, 1) when ξ tends to infinity (see e.g. [4, Section 10.2, vol. II]).
It follows immediately from the definitions that
for any localization Q of P at infinity and every subspace V of R d . Moreover, we will need
This function has already been considered by Hörmander in [3, Section 5] to discuss "Hölder estimates" for solutions of partial differential equations. It plays also a crucial rôle in our context, as is shown in [2] and [5] . Obviously, we have i) X is P -convex for supports if and only if P m (y) = 0 for all y ∈ Γ. ii) X × R is P + -convex for singular supports if and only if σ 0 P (y) = 0 for all y ∈ Γ. Proposition 2. Let P be a homogeneous polynomial of degree m and ξ ∈ R d with P (ξ) = 0 and ∇P (ξ) = 0. Then x → d j=1 ∂ j P (ξ)x j = ∇P (ξ), x is a localization of P at infinity.
Proof. Taylor expansion about nξ and the homogeneity of P give for all x ∈ R d and n ∈ N
and
it follows lim n→∞ a n = |∇P (ξ)| and lim
Moreover, we have
Therefore,
Applying the equivalence of the norms Q →Q(0, 1) and Q → 0≤|α|≤m |Q (α) (0)| 2 on the finite dimensional vector space of polynomials of degree at most m to the polynomials x → P (x + nξ) we obtain that for some subsequence (n k ) k∈N and some c > 0 we have
Therefore we obtain
so that x → ∇P (ξ), x is a localization of P at infinity.
The next lemma is [3, Lemma 6.1].
Lemma 3. Let P be a polynomial with principal part P m . Then for any subspace
Pm (V ).
The example
As already mentioned in the introduction, the polynomial we are going to construct now is inspired by [3, Example 6.4] .
Let Q be a homogeneous polynomial of real principal type of degree m and 
is a hypoelliptic polynomial of degree 4m. Clearly, for its principal part P 4m we have P 4m = Q 4 so P 4m (x) = Q 4 (x) = 0. On the other hand we also have
where we have used Lemma 3, equation (2) , and inequality (3). Because P 4m (x) = 0 and P 4m is homogeneous there is an open proper convex cone Γ = R d with x ∈ Γ such that P 4m (y) = 0 for every y ∈ Γ. If we set X := R d \Γ
• it follows from Theorem 1 i) that X is P -convex for supports. Since P is hypoelliptic X is P -convex for singular supports as well. But because x ∈ Γ and σ 0 P (x) = 0 by inequality (4) X × R is not P + -convex for singular supports by Theorem 1. Thus, for the hypoelliptic polynomial P we have
is not surjective.
Since for hypoelliptic P the kernels of
coincide as locally convex spaces it is a Fréchet-Schwartz space. Hence it has (Ω) if and only if it has (P Ω). By the results of Bonet and Domański mentioned in the introduction the above polynomial P and the open set X gives thus a surjective hypoelliptic differential operator
such that its kernel does not have property (Ω). This should be compared with Vogt's classical result [7] that the kernel of an elliptic differential operators always has (Ω).
